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Abstract. We construct a viable cosmological model based on velocity diffusion of matter
particles. In order to ensure the conservation of the total energy-momentum tensor in the
presence of diffusion, we include a cosmological scalar field φ which we identify with the dark
energy component of the universe. The model is characterized by only one new degree of
freedom, the diffusion parameter σ. The standard ΛCDM model can be recovered by setting
σ = 0. If diffusion takes place (σ > 0) the dynamics of the matter and of the dark energy
fields are coupled. We argue that the existence of a diffusion mechanism in the universe
may serve as a theoretical motivation for interacting models. We constrain the background
dynamics of the diffusion model with Supernovae, H(z) and BAO data. We also perform a
perturbative analysis of this model in order to understand structure formation in the universe.
We calculate the impact of diffusion both on the CMB spectrum, with particular attention
to the integrated Sachs-Wolfe signal, and on the matter power spectrum P (k). The latter
analysis places strong constraints on the magnitude of the diffusion mechanism but does not
rule out the model.
Keywords: Cosmology, diffusion, dark matter, dark energy, interacting models.
Contents
1 Introduction 1
2 Cosmological models with diffusion 2
2.1 Cosmological dynamics with diffusion 4
2.2 The φCDM model 6
2.3 Cosmological perturbations of spatially flat solutions 7
2.4 Solutions of the linearized equations 10
3 Comparison with observations 11
3.1 Constraining the background expansion with data 11
3.2 Structure Formation 13
3.2.1 Cosmic microwave background anisotropies 13
3.2.2 The matter power spectrum 15
4 Conclusions 17
1 Introduction
The recent release of the PLANCK data [1], the european space agency’s satellite designed
to produce the most accurate observation of the Cosmic Microwave Background (CMB) sky
ever, has confirmed that the ΛCDM model is our best, and at the same time the simplest,
general relativity based cosmological model. The term Λ refers to a dark energy component
in the form of a cosmological constant whilst CDM stands for Cold Dark Matter. Together
they form the dark sector which corresponds to ∼ 95% of today’s cosmic energy budget with
the remaining fraction left to the baryonic matter ∼ 5% and an almost negligible radiation
background. Actually, the acronym ΛCDM represents only a simplified view of the standard
cosmological model which relies on many other pillars like, for example, the large scale
homogeneity and isotropy of the universe, the existence of an inflationary epoch which seeds
structure formation, the perfect fluid behavior of the cosmic components and the adiabaticity
of the cosmic medium. The latter is intrinsically related to the fact that different cosmic fluids
are assumed to obey separately the energy-momentum conservation. The adiabaticity is also
guaranteed because it is assumed that no dissipative effects take place in the universe.
Despite of the remarkable agreement of the ΛCDM model with the observations, not
only of CMB, but also of Supernovae [2], BAO [3–5], and other data sets (see [6] for a recent
review), alternative scenarios are still in the game. In general terms, the other approaches
are based on either the use of modified gravity theories [7] or the use of non-standard cosmic
components, e.g, models where the dark energy is a quintessence [8] or a phantom field [9] or
when the dark energy’s equation of state is a time evolving quantity [10]. Another interesting
scenario is provided by the class of interacting models [11–15], i.e., models that assume a
phenomenological coupling between the dark components in the form of energy flowing from
dark energy to dark matter or vice versa (the direction of the energy flux depends only
on the sign of the interacting term). The energy-momentum conservation of the individual
cosmic components does not hold anymore, but the interaction is chosen in such a way
that the total energy-momentum tensor is divergence-free, which is necessary in view of the
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Einstein equations and the Bianchi identities. The main physical motivation for studying
interacting models is that the coupling between dark energy and dark matter could resolve
the coincidence problem [16], namely the puzzling circumstance that dark energy and dark
matter have similar energy densities today while, according to the ΛCDMmodel, they differed
of several orders of magnitude in the distant past.
As very little is known on the nature of the dark components, the interacting models
have been introduced so far only on a pure phenomenological, rather than physical, basis. In
this work we propose a possible explanation for the interaction between dark matter and dark
energy, which is grounded on a physical mechanism that is ubiquitous in nature: diffusion.
Our starting point here is the assumption that the matter particles (baryonic and dark)
undergo velocity diffusion in an expanding, homogeneous and isotropic universe. It turns out
that an interaction between dark energy and dark matter results as a natural consequence of
the relativistic diffusion mechanism. We remark that dissipative effects are not very unlikely
to occur in the universe [17]. Hence, the introduction of dissipative mechanisms (in our case,
the matter particles velocity diffusion) represents a step towards a more realistic description
of the dynamics of the universe than the one provided by perfect fluids.
We start by developing a cosmological model which admits matter diffusion [18], carrying
over the findings of Ref. [19]. In the latter reference it is shown that matter diffusion can
only take place if spacetime is permeated by a field that balances the energy gained by the
matter particles due to diffusion. The simplest and more reasonable choice for this new field
is that of a cosmological scalar field (the φ field) which we identify here with the dark energy
component of the universe. Our model is composed by a matter like component and the φ
field, giving rise to the φCDM model. In comparison to the ΛCDM model, the φCDM model
has only one extra degree of freedom, the diffusion parameter σ > 0. The density associated
to the φ field is a time evolving quantity if diffusion takes places and ΛCDM can be achieved
by setting σ = 0.
In order to construct a viable model we will constrain the background dynamics with
recent observational data sets like Supernovae, H(z) data and Baryonic Acoustic Oscillations
(BAO) data. We also make use of the cosmological perturbation theory at linear order to
understand how the presence of diffusion affects structure formation. We show that the
Cosmic Microwave Background (CMB) data and the matter power spectrum are very sensi-
tive probes for the diffusion mechanism because they place the strongest constraints on the
diffusion parameter.
The precise outline of the paper is as follows. In the next section we briefly recall
the main ingredients of diffusion theory in the context of general relativity. The diffusion
dynamics in an expanding, homogeneous and isotropic background are studied in Sec. 2.1,
the particular case of a spatially flat universe being the φCDM model introduced in Sec. 2.2.
We develop a (linear, scalar) cosmological perturbation theory for the diffusion model in
Sec. 2.3 and the solutions for the perturbed quantities are studied in Sec. 2.4. Observational
constraints on the diffusion parameter from background data and large scale structure (LSS)
formation analysis are studied in Sec. 3.1 and Sec. 3.2, respectively.
2 Cosmological models with diffusion
We begin this section by discussing the general theory for the diffusion dynamics of matter
in general relativity, and then we specialize to the models applied in Cosmology.
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Let Tµν and J
µ be the energy-momentum tensor and the current density of some matter
distribution in a spacetime (M,g). The matter is said to undergo microscopic (or molecular)
velocity diffusion in a cosmological scalar field φ if the following equations hold:
Rµν − 1
2
gµνR+ φgµν = Tµν , (2.1)
∇µT µν = σJµ, (2.2)
∇µJµ = 0. (2.3)
As usual, Rµν denotes the Ricci curvature of the metric g and R = g
µνRµν . Eq. (2.2) is the
macroscopic diffusion equation. The constant σ > 0 is the diffusion constant. The value 3σ
measures the energy transferred from the scalar field to the matter per unit of time due to
diffusion. We use units 8piG = c = 1.
Our interpretation of the system (2.2) stems from the kinetic model introduced in [18].
We emphasize that, according to the kinetic formulation given in [18], it is the microscopic
velocity of the particles that is subject to diffusion and not the macroscopic four-velocity
field of matter. Hence, in particular, diffusion takes place on the tangent bundle of spacetime
(the phase space) and there is no danger of Lorentz invariance breaking in the model.
Taking a covariant divergence of (2.1), using (2.2) and the Bianchi identity ∇µ(Rµν −
1
2gµνR) = 0, we obtain the following evolution equation for φ:
∇µφ = σJµ. (2.4)
If the matter undergoing diffusion is a perfect fluid, the energy-momentum tensor and
the current density are given by
Tµν = ρuµuν + p(gµν + uµuν), J
µ = nuµ, (2.5)
where ρ is the rest-frame energy density, p the pressure, uµ the 4-velocity and n the particle
number density of the fluid. For a perfect fluid, Eq. (2.4) reads
∇µφ = σnuµ, (2.6)
while Eq. (2.3) becomes
∇µ(nuµ) = 0. (2.7a)
Moreover projecting (2.2) into the direction of uµ and onto the hypersurface orthogonal to
uµ we obtain
∇µ(ρuµ) + p∇µuµ = σn, (2.7b)
(ρ+ p)uµ∇µuν + uνuµ∇µp+ gµν∇µp = 0. (2.7c)
In the absence of diffusion, i.e., when σ = 0, the cosmological scalar field is constant
throughout spacetime and (2.1) reduces to the Einstein equation with cosmological constant,
while (2.7) reduce to the relativistic Euler equations for perfect fluids.
Finally we remark that it is possible to consider different models, other than a cosmo-
logical scalar field, for the background medium in which diffusion takes place (e.g., a perfect
fluid, see [19, Sec. 4]). It is currently unknown whether any such model admits a Lagrangian
formulation.
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2.1 Cosmological dynamics with diffusion
The cosmological principle, asserting that the universe is homogeneous and isotropic, assigns
a special role to the cosmological models based on the class of FLRW metrics. CMB observa-
tions show a high degree of homogeneity and isotropy at large scales, but they also reveal the
existence of fluctuations of order 10−5 in the CMB temperature already at z ∼ 1100. Such
tiny fluctuations evolved in time via gravitational instability and formed the structures visible
in the universe. Therefore a complete description of the universe dynamics must include the
large scale background expansion as well as the evolution of the matter fluctuations that give
rise to structures. This is the task of cosmological perturbations theory, which we apply to
the diffusion model in Section 2.3. Prior to this, we undertake the important analysis of the
diffusion model under the assumption of spatial homogeneity and isotropy, i.e., we consider
a spacetime with the Robertson-Walker metric
ds2 = −dt2 + a(t)2
[
dr2
1− kr2 + r
2dΩ2
]
, k = 0,±1. (2.8)
In the spatially flat case k = 0 we may introduce a cartesian system of coordinates such that
k = 0 : ds2 = −dt2 + a(t)2(dx2 + dy2 + dz2), and a0 := a(0) = 1. (2.9)
The symmetry assumption forces the fluid to be comoving, i.e., uµ = (1, 0, 0, 0). Moreover
the remaining fluid variables depend only on t. Hence (2.7a) entails
n(t)a(t)3 = const. ⇒ n(t) = n0
a(t)3
. (2.10)
A subscript 0 indicates that the corresponding quantity is evaluated at the present value of
the cosmological time, which we take at t = 0. Eq. (2.7b) becomes
ρ˙+ 3H(ρ+ p) = σn0a
−3, (2.11)
where
H =
a˙
a
(2.12)
is the Hubble function. Eq. (2.7c) is identically satisfied. The cosmological scalar field
equation (2.6) reduces to
φ˙ = −σn0a−3. (2.13)
The only non-trivial, independent Einstein equation is the Hamiltonian constraint
H2 =
1
3
(ρ+ φ)− k
a2
. (2.14)
The initial data set consists of (a0,H0, ρ0, φ0) of positive numbers such that (2.14) is
satisfied at time t = 0, i.e.,
H20 =
1
3
(ρ0 + φ0)− k
a20
.
In the rest of this section we assume a linear equation of state between the pressure and
the energy density:
p = (γ − 1)ρ, 2/3 < γ < 2. (2.15)
The bounds on γ ensure that the cosmological fluid satisfies the dominant and the strong
energy condition. As shown in [19], the asymptotic behavior for large times in the past and
future directions of solutions to the system (2.11)-(2.15) is rather sensitive to the choice of
initial data and in fact each of the following type of solutions have been found numerically:
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(a) Solutions with singularity in the past (Big-Bang) and in the future (Big-Crunch)
(b) Solutions with singularity in the past, which are singularity free in the future
(c) Solutions with no singularity in the past
Solutions of type (c), also called bouncing models, are excluded by observations [6] and will
not be considered further in this paper. For the remaining solutions, a(t) is decreasing toward
the past and the time variable t can be replaced by the cosmological redshift variable
z(t) =
a0
a(t)
− 1, z > 0 (i.e., t < 0). (2.16)
Introducing the dimensionless variables
Ωm(z) =
ρ(z)
3H20
, Ωφ(z) =
φ(z)
3H20
, E(z) =
H(z)
H0
and the dimensionless parameters
σ˜ =
σn0
3a30H
3
0
, K =
k
H20a
2
0
(2.17)
we can rewrite (2.11), (2.13) and (2.14) as
dΩm(z)
dz
=
3γΩm(z)
1 + z
− σ˜ (1 + z)
2
E(z)
, (2.18)
dΩφ(z)
dz
= σ˜
(1 + z)2
E(z)
, (2.19)
E(z) =
√
Ωm(z) + Ωφ(z)−K(1 + z)2. (2.20)
The previous system describes the past (i.e., z > 0) of diffusion cosmological models pos-
sessing a Big-Bang singularity. If spacetime is forever expanding in the future, then the
system (2.18)-(2.20) gives also a complete description of the cosmological model in the future
direction. An example of solution defined for all z ∈ (−1,+∞) is given by
Ωm(z) =
2βk
3γ − 2(1 + z)
2, Ωφ(z) = βk(1 + z)
2, (2.21a)
where βk is the real root of the equation
12γ
3γ − 2β
3 − 4Kβ2 − σ˜2 = 0. (2.21b)
Note that in the limiting case σ˜ = 0 the roots of (2.21b) are
β =
(3γ − 2)
3γ
, for K = 1; β = 0, for K = −1, 0, 1.
The roots for K = 0 and K = −1 correspond to vacuum solutions of the diffusion-free
Einstein equations, namely the Minkowski spacetime for K = 0 and the Milne universe
for K = −1, while there is no solution associated to the the roots for K = 1. Hence the
solution (2.21) of (2.18)-(2.19) is a pure diffusion one.
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Figure 1. Left Panel: Evolution of the fractional density parameters. Right panel: Evolution of the
deceleration parameter (right). Both assume Ωm0 = 0.3. In the right panel, the solid horizontal line
at the value q = 0.5 describes the Einstein-de-Sitter (EdS) model and solid horizontal line at the value
q = 0 denotes the transition to the accelerated expansion.
2.2 The φCDM model
We call φCDM model the cosmological model which is obtained by setting p = k = 0 in
the system (2.11)-(2.14). This model reduces exactly to the standard ΛCDM model for
σ = 0, i.e., in the absence of diffusion. We remark that the equation of state p = 0, i.e.,
γ = 1, corresponds to a dust fluid, which is the expected behavior of dark matter and
baryons. According to the standard cosmological model, the pressureless matter component
is responsible for ∼ 30% of today’s cosmic energy budget. The remaining ∼ 70% would be in
the form of a dark energy, which is described by the cosmological constant Λ in the ΛCDM
model, and by the cosmological scalar field φ in the φCDM model.
Since a0 = 1 and K = 0 for the φCDM model, the past of the solutions possessing a
Big-Bang singularity is described by the system
dΩm(z)
dz
=
3Ωm(z)
1 + z
− σ˜ (1 + z)
2
E(z)
, (2.22)
dΩφ(z)
dz
= σ˜
(1 + z)2
E(z)
, (2.23)
E(z) =
√
Ωm(z) + Ωφ(z), (2.24)
where
z = a−1 − 1, σ˜ = σn0
3H30
, (2.25)
For σ˜ = 0 the solution is given by the ΛCDM model:
Ω(0)m (z) = Ω
(0)
m0(1 + z)
3, Ω
(0)
φ (z) = Ω
(0)
φ0 = 1− Ω(0)m0.
In the left panel of Fig. 1 we see the behavior of the parameters Ωm(z)/E
2(z) (increasing
curves) and Ωφ(z)/E
2(z) (decreasing curves) for the matter and the dark energy fluids. The
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Figure 2. Evolution of the matter and radiation fractional densities. The initial data are Ωφ0 = 0.7,
Ωm0 = 0.2999, Ωr0 = 1 · 10−4. The universe becomes radiation dominated at z ∼ 3000 for σ = 0
(ΛCDM), at z ∼ 2500 for σ = 0.1 and at z ∼ 2000 for σ = 0.2.
solid lines represent the standard ΛCDM model, while dashed lines depict the behavior of
the φCDM model for σ = 0.1 and σ = 0.2. The right panel corresponds to the deceleration
parameter q(z) = −1− H˙/H2 for the same model parameters. From the latter picture we see
that the phase of accelerated expansion of the universe (q < 0) begins earlier in the presence
of diffusion.
The φCDM model does not take into account the effect of the radiation component of
the universe. To introduce this effect we make the fundamental assumption that radiation,
in contrast to matter, does not undergo diffusion in the scalar field. From the point of view
of the model this means that the energy-momentum tensor T radµν of the radiation component
is conserved: ∇µT radµν = 0. In a spatially flat RW metric, the latter equation entails
Ωr(z) = Ωr0(1 + z)
4, (2.26)
where Ωr is the normalized energy density of radiation. The equations for the normalized
densities of matter and dark energy remain the same, i.e., Eqs. (2.22)-(2.23), however the
definition of E(z) changes from (2.24) to
E(z) =
√
Ωm(z) + Ωφ(z) + Ωr(z), (2.27)
where Ωr(z) is given by (2.26). The behavior of solutions to the system (2.22), (2.23), (2.26), (2.27)
is depicted in Fig. 2. On can see in particular that also the diffusion model under study, as
the ΛCDM model, predicts that the universe was radiation dominated at early time. However
according to the φCDM model the switch from a radiation-dominated to a matter-dominated
universe is a more recent event than predicted by the ΛCDM model.
2.3 Cosmological perturbations of spatially flat solutions
Our next purpose is to study the evolution of linear scalar perturbations on the spatially flat
Robertson-Walker metric (2.9). For an introduction to cosmological perturbations theory,
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see [20, 21]. Using the conformal Newtonian gauge in the absence of anisotropic stresses, we
write the metric in the form
g = a(η)2[−(1 + 2Ψ)dη2 + (1− 2Ψ)δijdxidxj] = g + δg, (2.28)
where Ψ = Ψ(η, x1, x2, x3) is the Newtonian potential,
g = a(η)2(−dη2 + δijdxidxj)
is the spatially flat RW metric in the conformal time η and
δg = −2a(η)2Ψ(dη2 + δijdxidxj)
is the (scalar) metric perturbation. Our convention is that, for any function Q, the evaluation
of Q on the background is denoted by Q and the linear perturbation by δQ, i.e.,
Q = Q+ δQ+O(δQ2).
We emphasize that barred quantities depend only on the conformal time η.
The components of Einstein’s tensor for the metric (2.28) read (neglecting second order
terms)
G00 = G
0
0 + δG
0
0, G
0
i = G
0
i + δG
0
i, G
i
j = G
i
j + δG
i
j ,
where, denoting H = (log a(η))′, (·)′ = d(·)/dη,
G00 = −3
H2
a2
, δG00 = 2a
−2[3H(HΨ+Ψ′)−∇2Ψ], (2.29)
G0i = 0, δG
0
i = 2a
−2∂xi(HΨ+Ψ′). (2.30)
Gij = −a−2(H2 + 2H′)δij , δGi j = 2a−2[Ψ′′ + 3HΨ′ + (2H′ +H2)Ψ]δij . (2.31)
In the previous equations, ∂xi denotes the partial derivative with respect to the variable x
i
and ∇2 is the flat Laplacian in the spatial variables, i.e., ∇2 =∑2i=1 ∂2xi .
Next the perturbations of the scalar field and of the fluid variables will be considered.
We set
φ = φ+ δφ, ρ = ρ+ δρ, p = p+ δp, n = n+ δn. (2.32)
As to the four-velocity, we have uµ = uµ + δuµ, where
uµ = −a(t)δ0µ.
Since at first order
gµνuµuν = −1 + 2(Ψ + a−1δu0),
the requirement that gµνuµuν = −1 hold at the first order entails
δu0 = −aΨ.
Moreover it will be shown below (see the remark following Eq. (2.43)) that diffusion in a
scalar field restricts the velocity perturbations to be of the form δui = ∂xiV , for some scalar
function V . It is convenient to set V = a(η)θ(η, x1, x2, x3). In conclusion
u0 = −a (1 + Ψ), ui = a ∂xiθ (2.33)
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and therefore
u0 = a−1(1−Ψ), ui = a−1∂xiθ. (2.34)
Substituting (2.32), (2.33) and (2.34) into the definition of Tµν , see (2.5), we obtain
T 00 = T
0
0 + δT
0
0, T
0
0 = −ρ, δT 00 = −δρ, (2.35a)
T 0i = T
0
i + δT
0
i, T
0
i = 0, δT
0
i = (ρ+ p)∂iθ, (2.35b)
T ij = T
i
j + δT
i
j , T
i
j = p δ
i
j, δT
i
j = δp δ
i
j . (2.35c)
It follows that the Einstein equations (2.1) at zero order, i.e., Gµν + φ δ
µ
ν = T
µ
ν , read
3
H2
a2
= ρ+ φ, H′ = −1
2
[a2(p − φ) +H2], (2.36)
while at first order, i.e., δGµν = δT
µ
ν , they give
∇2Ψ− 3H(HΨ+Ψ′) = 1
2
a2(δρ + δφ), (2.37)
∂xi(HΨ+Ψ′) =
1
2
a2(ρ+ p)∂xiθ ⇒HΨ+Ψ′ =
1
2
a2(ρ+ p)θ, (2.38)
Ψ′′ + 3HΨ′ + (2H′ +H2)Ψ = 1
2
a2(δp − δφ), (2.39)
where in the second version of (2.38) we set an arbitrary function of η equal to zero.
Now Eq. (2.7a) at zero order gives
n′ + 3Hn = 0⇒ n(η) = n0 a(η)−3, (2.40)
where n0 = n(0) and a(0) = 1. At first order we obtain
δn′ + 3Hδn + n∇2θ − 3nΨ′ = 0. (2.41)
The equation (2.6) for the scalar field gives, at zero order,
φ
′
= −σan, (2.42)
and at first order
δφ′ = −σa(δn + nΨ) ∂xiδφ = σan∂xiθ ⇒ δφ = σanθ. (2.43)
Remark: If we had chosen a general perturbation δui for the spatial velocity, the scalar
field equation at first order would have given ∂xiφ = σnδui, by which it follows again that
δui = a∂xiθ. Hence our original choice for δui entails no loss of generality. To put it
differently, at first order the fluid velocity is irrotational.
Note that δφ is completely determined by the perturbation θ. Substituting δφ = σanθ
in the first of (2.43), we obtain 2Hnθ− nθ′ = (δn+ nΨ), which can be used to express δn in
terms of the perturbations θ and Ψ.
Using that na3 = n0, the equations for the independent perturbations Ψ, θ, δρ, δp be-
come
∇2Ψ− 3H(HΨ+Ψ′) = a
2
2
δρ+
1
2
σn0θ, (2.44a)
HΨ+Ψ′ = 1
2
a2(ρ+ p)θ, (2.44b)
Ψ′′ + 3HΨ′ + (2H′ +H2)Ψ = a
2
2
δp − 1
2
σn0θ. (2.44c)
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To close the system we need an equation of state, which we take to be that of a dust fluid.
Setting p = δp = 0 and using the second equation in (2.36) in the system (2.44) we obtain
∇2Ψ− 3H(HΨ+Ψ′) = a
2
2
δρ+
1
2
σn0θ, (2.45a)
HΨ+Ψ′ = 1
2
a2ρθ, (2.45b)
Ψ′′ + 3HΨ′ + a2φΨ = −1
2
σn0θ, (2.45c)
where a, ρ, φ,H solve
a′ = aH, H′ = a
2
2
φ− H
2
2
, φ
′
= −σn0
a2
, ρ′ + 3Hρ = σn0
a2
, 3
H2
a2
= ρ+ φ (2.46)
with initial data a(0) = 1, H0 > 0, ρ0 > 0, φ0 = 3H20 − ρ0 > 0. Combining the second and
the third equation of the system (2.45) we obtain an equation for Ψ alone:
Ψ′′ +
(
3H + σn0
a2ρ
)
Ψ′ +
(
a2φ+Hσn0
a2ρ
)
Ψ = 0. (2.47)
2.4 Solutions of the linearized equations
Once we solve (2.47) for given initial data Ψ(0, x), Ψ′(0, x), we replace the solution in the
first two equations of the system (2.45) and determine the perturbations δρ, θ, and so in
particular the density contrast defined by
∆m =
δρ
ρ
.
Of course this procedure can in general only be performed numerically. However, as a way of
example, we show next how it works for perturbations around the exact solution (2.21)K=0,γ=1
of the background equations, which in conformal time reads
a(η) = eH0η, H(η) = H0, φ(η) = φ0a(η)−2, ρ(η) = ρ0a(η)−2,
where
H0 =
(
σn0
2
)1/3
, φ0 =
(
σn0
2
)2/3
, ρ0 = (
√
2σn0)
2/3.
For this solution, equation (2.47) becomes
Ψ′′ + 4H0Ψ′ + 2H20Ψ = 0. (2.48)
The solution of the previous equation is
Ψ(η, x) = C−(x)e−(2+
√
2)H0η + C+(x)e−(2−
√
2)H0η, (2.49)
where C±(x) are arbitrary functions fixed by the initial data. Precisely, letting
Ψin(x) = Ψ(0, x), Ψ˙in(x) = Ψ
′(0, x),
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Figure 3. Evolution of the linear scalar gravitational fluctuations as functions of the scalar factor
(assuming Ωm0 = 0.3).
we find
C+(x) = Ψin(x)
(
1
2
− 1√
2
)
− Ψ˙in(x)
2
√
2H0
, C−(x) = Ψin(x)
(
1
2
+
1√
2
)
+
Ψ˙in(x)
2
√
2H0
. (2.50)
In general, if we denote by y0(η), y1(η) the solutions of the ODE
y′′ +
(
3H + σn0
a2ρ
)
y′ +
(
a2φ+Hσn0
a2ρ
)
y = 0 (2.51)
with initial data
y0(0) = 0, y
′
0(0) = 1; y1(0) = 1, y
′
1(0) = 0, (2.52)
the general solution of (2.47) with initial data Ψin, Ψ˙in is given by
Ψ(η, x) = Ψin(x)y1(η) + Ψ˙in(x)y0(η). (2.53)
In Fig. 3 we show the numerical evolution of the functions y0 and y1 in terms of the scalar
factor. The dashed lines correspond to the ΛCDMmodel, while continued lines refer to φCDM
with σ = 0.1 and σ = 0.2. The difference in the evolution of the potential fluctuations results
in important observable deviations of the two models, such as the anisotropy in the CMB
temperature due to the integrated Sachs-Wolfe effect, which will be discussed in Section 3.2.1.
3 Comparison with observations
The purpose of this section is to test the viability of the φCDM model based on the available
observations. A particular interest here is to constrain the maximal value of the diffusion
coefficient σ˜ allowed by current data.
3.1 Constraining the background expansion with data
In order to compare the φCDM model with the data we have to obtain the expansion H(z)
by solving numerically equations (2.18)-(2.20) with appropriate initial conditions Ωm(z =
0) = Ωm0 and Ωφ(z = 0) = Ωφ0 = 1 − Ωm0. We constrain the model parameters with the
following observational data sets.
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Supernovae: First, we use Supernovae data from the recent UNION2.1 compilation [2]. This
test is based on the observed distance modulus µobs(z) of each SN Ia at a certain redshift z,
µ(z) = 25 + 5log10
dL(z)
Mpc
, (3.1)
where the luminosity distance, in a spatially flat RW metric, is given by the formula
dL(z) = c(1 + z)
∫ z
0
dz′
H(z′)
. (3.2)
The UNION 2.1 compilation provides NSN = 580 distance modulus µi(zi) for different red-
shifts zi.
Differential Age: A second observational source comes from the evaluation of the age of
old galaxies that have evolved passively giving rise to the differential age data of such objects
[22–24]. Since the expansion rate is defined as
H(z) = − 1
1 + z
dz
dt
. (3.3)
Since spectroscopic redshifts of galaxies are known with very high accuracy, one just needs
a differential measurement of time dt at a given redshift interval in order to obtain values
for H(z). The data used in this work consist on NH = 21 data points listed in [25], but
previously compiled in [26].
Baryon Acoustic Oscillations: The baryon acoustic oscillation (BAO) scale is calculated
by the DV parameter
DV (z) =
[
(1 + z)2D2A(z)
cz
H(z)
]1/3
, (3.4)
where DA(z) is the angular-diameter distance. The values for DV have been reported in the
literature by several galaxy surveys. In our analysis we use data ate z = 0.2 and z = 0.35
from the SDSS [3], data at z = 0.44, 0.6 and 0.73 from the WiggleZ [4] and one data point
at z = 0.106 from the 6dFGRS [5] surveys. In the total we have NBAO = 6.
For our statistical analysis we construct the chi-square function
χ2 =
N∑
i=1
(
f th(zi)− f obs(zi)
)2
σ2i
, (3.5)
where f = (µ,H,DV ) for the SN, H(z) and BAO datasets, respectively. The number of
data points
{
zi, f
obs(zi)
}
in each set is, respectively, N = NSN , NH and NBAO whereas σi
is the observational error associated to each observation f obs and f th is the theoretical value
predicted by the φCDM model.
Our diffusion φCDM model has 3 free parameters, namely H0,Ωm0 and σ˜. We are
mostly interested in the constraints on the diffusion parameter σ˜. We will fix delta priors
on H0 based on the results of the ΛCDM model for each data set individually. Having
the ΛCDM model only {H0,Ωm0} as free parameters the H(z), UNION 2.1 SN and the
BAO data place, individually, the best fit at {H0,Ωm0} = {69.6, 0.31}, {70.0, 0.28} and
{68.6, 0.32}, respectively. The H0 values obtained in this way (69.6,70.00,68.6) will be used
in our analysis for the diffusion model as delta priors for the H(z), SN and BAO samples,
respectively. This can be seen in Fig. 4. With this strategy we avoid that H0 becomes a
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Figure 4. Confidence level contours at 1σ and 2σ for H(z) (Red), Supernovae (Blue), BAO (Green)
and data sets. In each panel the H0 value has been fixed following the best fit of the ΛCDM model
for each sample.
possible source of degenerescence with the ΛCDM model. However, we note that our final
conclusions are very weakly dependent on the prior choice for H0.
In Fig. 4 we show the confidence level contours for our diffusion model on basis of 2
free parameters (σ˜ and Ωm0), i.e. ∆χ
2 = χ2 − χ2min < 2.30(68% of confidence level) and
6.17(95%). In this contours, the parameter σ˜ is limited to the value σ˜ = 0.25 since for larger
values the dynamics shows bouncing solutions. As one can see in Fig. 5 the H(z) data is not
well described for σ˜ > 0.2. The best-fit obtained for each data set is shown as a filled circle
and corresponds to the ΛCDM model (σ˜ = 0). However, it is worth noting from Fig. 4 that
SN, H(z) and BAO are not able to set an upper limit on σ˜, i.e. all values of σ˜ that produce
viable solutions are consistent at 95% of CL with background observations.
In order to find stronger constraints on σ˜ we study in the next subsection the structure
formation process.
3.2 Structure Formation
Quantum fluctuations produced during the inflationary epoch are responsible for the origin
of the structures like galaxies and clusters of galaxies that we observe. These small fluctu-
ations evolve under gravitational interaction until a final stage where they become highly
nonlinear collapsed objects. However, the study of the linear regime of the cosmological
perturbation theory, i.e. when the perturbed quantities have amplitudes much smaller than
their background values, allows us to understand the main aspects of structure formation at
very large scales. For example, the main patterns of observations like the cosmic microwave
background (CMB) and the statistical distribution of the matter density field at large scales
can be fully described by the linear regime.
3.2.1 Cosmic microwave background anisotropies
The temperature anisotropies on the CMB sky are connected to the linear fluctuations of
matter via the Sachs-Wolfe effect [27]. While most of such anisotropies were already present
at the time of last scattering (z ∼ 1100), a relevant part of them has been produced thereafter
due to the fact that photons traveled through time varying gravitational potential wells. The
latter contribution, known as the integrated Sachs-Wolfe effect (ISW), can be computed as
the integral of the derivative of the potential fluctuations along the photon trajectory nˆ from
ηlss (conformal time at the last scattering surface or decoupling time) to η0 (conformal time
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Figure 5. Expansion H(z) versus the redshift. The data points shown correspond to the differential
age of galaxies and are described in the text.
today). For the ISW only, and for the case where there is no shear stress, we can write the
CMB temperature anisotropy as
(
∆T
T
)
ISW
= 2
∫ η0
ηlss
dη
∂Ψ
∂η
[(η0 − η) nˆ, η] . (3.6)
As we saw in Section 2.4, even assuming that the potential fluctuations at redshift zlss
are the same for the ΛCDM model and the φCDM model, diffusion alters considerably the
time evolution of the gravitational perturbations, leading to a possible different contribution
to the ISW effect. In order to show this, in Fig. 6 we plot the temporal evolution of the
gravitational potential comparing the ΛCDM with the diffusion model for some relevant
modes. The amplitudes for each mode can be easily calculated with the CAMB code [28].
We are interested on very large scales kISW ≥ 0.0005Mpc−1 where the CMB spectrum
is most sensitive to the ISW effect. As seen in Fig. 6 the value σ˜ = 0.1 is capable to
modify the evolution of the gravitational potential at late times. This behavior has important
consequences for the ISW.
Focusing on the computation of the ISW effect, we employ the same strategy as proposed
in [29]. With the perturbed equations deduced before we can calculate the ISW signal
Eq. (3.6). A comparison between the ΛCDM model and the diffusion one is performed by
calculating relative amplifications (Q) of the ISW effect as
Q ≡
(
∆T
T
)Diff
ISW(
∆T
T
)ΛCDM
ISW
− 1. (3.7)
If Q > 0 (< 0) the diffusion model produces more (less) temperature variation to the CMB
photons via the ISW effect than the fiducial ΛCDM model.
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Figure 6. Gravitational potential for three different scales as a function of the scale factor for the
ΛCDM (dashed) and the diffusion model with σ˜ = 0.1 (solid).
Assuming a fiducial ΛCDM model with Ωm0 = 0.30 and h = 0.7 we calculate the
quantity
(
∆T
T
)ΛCDM
ISW
using the ΛCDM equations, i.e. the case σ˜ = 0. Then, we calculate(
∆T
T
)Diff
ISW
for many different values of the parameters σ˜ and Ωm0. Fig. 7 shows the values of
the relative amplification Q in the plane σ˜ x Ωm0.
One can see that, for instance, if Ωm0 = 0.3 and σ˜ = 0.1 the diffusion model shows an
enhancement of order 80%. Although the ΛCDM provides a good fit to the CMB data, note
that the ISW occurs at the largest scales where the cosmic variance introduces large errors
bars on the CMB measurements. To obtain pure ISW data is a complex task since it dem-
mands a cross correlation between the CMB maps and the large scale structure catalogues.
Our goal here was to keep the ISW signal of the diffusion model under control avoiding
the parameters that produces a huge amplification of this signal. The question seems to be
what are the unacceptable values for Q. Some recent analysis of the stacked ISW signal of
superstructures present in the SDSS DR6 MegaZ catalogue [30] report a observed value of
∆T = 9.6 ± 2.2µK which is almost five times larger than the ΛCDM theoretical prediction
∆T = 2.27 ± .014µK [31]. This corresponds to Q values of order ∼ 400%, which allows
for larger values of the parameter σ˜ than considered so far, and indicates that models with
amplified ISW signals could be favored over the ΛCDM model, but this is currently an open
issue.
3.2.2 The matter power spectrum
Large scale galaxy surveys like the 2dFGRS, SDSS and the WiggleZ projects observe the
clustering properties of galaxies providing the correlation function in the space of the position
ξ(r) = 〈∆(r)∆(x+ r)〉. Its Fourier transform is the matter power spectrum P (k, z) in the
wavenumber space. It can be computed at any time z, but the observations provides today’s
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power spectrum which is defined as
P (k) = |∆(k, z = 0)|2 . (3.8)
Our procedure to obtain the power spectrum is the following. We first assume a pri-
mordial post-inflationary power spectrum Pi ∼ kns with spectral index ns = 0.96 [1]. Then
we obtain today’s power spectrum by evolving the primordial one until a redshift z = 0 using
the BBKS transfer function [32]. This provides the power spectrum for the standard ΛCDM
model which can be seen as the solid line in Fig. 8. This spectrum provides a good fit to the
data. Here, we show the data points obtained by the two degree field galaxy redshift survey
(2dFGRS) [33] for illustrative reasons. Since we are not planning to performe a statistical
analysis it is not necessary to use more recent data.
Returning to the procedure for obtaining the spectrum, the next step is to integrate
back in time the perturbed ΛCDM equations in order to find the initial conditions for ∆ at
some point during the matter dominated epoch, let’s say zi = 500. At this redshift we expect
that our diffusion model behaves exactly as the standard model meaning that they have the
same initial conditions in the past. Now, we use the power spectrum calculated at zi = 500
as initial condition for the diffusion model. Finally, we integrate the diffusion equation from
zi until z = 0 assuming different values of σ˜. We also normalize the spectrum in order to
match the data at small scales, which corresponds to a σ8 normalization. This procedure
provides the matter power spectrum for the diffusion φCDM model.
In Fig. 8 we compare the matter power spectrum for the ΛCDM and the diffusion
models for some values of the parameter σ˜. The matter power spectrum provides a statistical
measurement of the matter distribution. Its peak occurs at a scale keq that depends on the
redshift zeq of matter-radiation equality. Scales smaller than keq, i.e. k > keq, are subjected
to sub-horizon damping before zeq. Since the diffusion mechanism does not modify the
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Figure 8. Matter power spectrum. The ΛCDM (σ˜ = 0) model is shown in the solid line. The data
points correspond to the 2dFGRS data. The case of cosmic diffusion is plotted in the dashed lines for
different values of the parameter σ˜.
early stages of evolution of the universe, i.e., a radiation dominated phase in the past, we
expect the same small scale behavior and for this reason we normalize the power spectrum
at k = 0.185 h Mpc−1 (the smaller scale accessible with the linear theory).
We see that the matter power spectrum is a very sensitive probe for the diffusion model
and small values of σ˜ drastically modify its shape. In general, it shows a pronounciated
power suppression at large scales (small values of k). Note that the peak of the spectrum is
related to the moment of matter-radiation equality. As shown in Fig. 2 the transition redshift
is also very sensitive to the σ˜ values and therefore the peak is shifted. This analysis seems
to place much stronger constraints on the diffusion parameter σ˜ than the ones presented
in the previous section. It is clear that values of the order σ˜ = 0.1 of cosmic diffusion
are challenged by this analysis, whilst values σ˜ < 0.01 seem to be in agreement with large
scale structure data. We observe that with such normalization, the power at large scales is
strongly suppressed for values of order σ˜ ∼ 0.1. The shape of the spectrum is preserved only
for values or order σ˜ . 0.01 which represents a constrain one order of magnitude stronger
than the previous analysis using background data only.
4 Conclusions
We have constructed a viable general relativistic cosmological model where the microscopic
velocity diffusion of the matter particles is taken into account. The model is characterized
by a single parameter σ > 0 measuring the energy gained by the particles due to the action
of the diffusion forces. The local conservation of energy (expressed through the Bianchi
identities) demands the existence of an additional field in spacetime that transfer energy
to the matter particles. We identified such field with the dark energy component of the
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universe and modeled it by a cosmological scalar field φ added to the Einstein equations. This
leads to the φCDM model. The ΛCDM model is fully recovered in the absence of diffusion
(σ = 0). If diffusion takes place (σ > 0), the density of the matter fluid is coupled to the
density associated to the φ field. We have not included the radiation component for most of
our analysis, but we have shown that if a relativistic fluid is included into the background
expansion, then φCDM is radiation dominated at early times, becomes subsequently matter
dominated and finally, only recently, enters in a phase of accelerated expansion dominated
by the φ field. Thus the paradigm of the standard cosmological models is preserved.
We argue that the coupling caused by the diffusion process can be seen as a theoretical
motivation for the interaction between dark matter and dark energy. Interacting cosmologi-
cal models have been widely studied as an alternative to the standard ΛCDM scenario as a
possible solution for the coincidence problem, but up to now they have been only phenomeno-
logically inspired. As far as we know we are providing, through the diffusion mechanism, the
first physically motivated justification for the interaction between dark matter and dark
energy.
We have also used observational data in order to place constraints on the magnitude
of the diffusion forces characterized by a normalized (dimensionless) parameter σ˜. We have
found that bouncing solutions for the background expansion occur for values σ˜ & 0.25. Using
the background data in order to place constraints on the viable cosmological scenarios with
σ˜ . 0.25 we have shown that Supernovae, H(z) and BAO data are not so restrictive. The
background data is well described at least within a 95% of confidence level.
The most strong constraints appear from the analysis of the large scale structures for-
mation. We have obtained solutions for the gravitational potential at large scales. The
temporal evolution of the potential is very sensitive to the diffusion parameter. This led
us to investigate how the integrated Sachs-Wolfe signal is affected. Indeed, values σ˜ ∼ 0.1
can produce an ISW effect which is of order 80% larger than the standard ΛCDM signal.
However, this excess of power is not necessarily undesirable. Indeed, having in mind recent
results from the cross-correlation between CMB maps and galaxy surveys, the observed ISW
signal could be 400% larger than predicted by the standard model. It seems that, while one
has to keep control on the magnitude of the ISW signal, reliable constraints on such quantity
are still not available to the community. We leave for a future work the full analysis of the
present model within the CMB data.
Our final analysis using the matter power spectrum data was the most successful in
constraining the parameter σ˜. Our φCDM model is not ruled out by the LSS analysis,
but the latter provides the stronger constraints on the magnitude of the diffusion of matter
particles. We concluded that diffusion is still a viable process in the universe if the total
matter undergoes diffusion with magnitude σ˜ . 0.01. Note that our approach does not
differentiate between baryonic and dark matter. The inclusion of a baryonic component in
our model would produce a more realistic model. In this case, the forthcoming data from
galaxy redshift surveys, in particular the surveys designed to measure the baryonic acoustic
oscillations scale, could be much more restrictive in constraining the existence of matter
diffusion effects in the universe.
Acknowledgments
HV is supported by CNPq (Brazil). We thank the organizers of the 49th Winter School
of Theoretical Physics Cosmology and non-equilibrium statistical mechanics (Ladek-Zdro´j,
– 18 –
Poland).
References
[1] Planck Collaboration, Planck 2013 results. XVI. Cosmological parameters,arXiv:1303.5076.
[2] N. Suzuki, D. Rubin, C. Lidman, G. Aldering, R. Amanullah, K. Barbary, L. F. Barrientos and
J. Botyanszki et al., The Hubble Space Telescope Cluster Supernova Survey: V. Improving the
Dark Energy Constraints Above z > 1 and Building an Early-Type-Hosted Supernova Sample,
Astrophys. J., 746, 85 (2012).
[3] Percival W.J., et al., Baryon acoustic oscillations in the Sloan Digital Sky Survey Data Release
7 galaxy sample, MNRAS, 401 (2010) 2148; Padmanabhan, N., Xu, X., Eisenstein, D. J.,
Scalzo, R., Cuesta, A. J., Mehta, K. T., Kazin, E. A 2% Distance to z=0.35 by Reconstructing
Baryon Acoustic Oscillations - I: Methods and Application to the Sloan Digital Sky Survey 427
(2012) 2146.
[4] C. Blake et al. The WiggleZ Dark Energy Survey: mapping the distance-redshift relation with
baryon acoustic oscillations, MNRAS 418 (2011) 1707.
[5] F. Beutler, et al., The 6dF Galaxy Survey: Baryon Acoustic Oscillations and the Local Hubble
Constant, MNRAS 418 (2011) 1707.
[6] K. Bamba, S. Capozziello, S. Nojiri and S. D. Odintsov, Dark energy cosmology: the equivalent
description via different theoretical models and cosmography tests, Astrophys. Space Sci. 342
(2012) 155.
[7] S. Capozziello and M. Francaviglia, Extended theories of gravity and their cosmological and
astrophysical applications, Gen. Rel. Grav. 40 (2008) 357; S. Capozziello and V. Faraoni,
Beyond Einstein Gravity, Springer, 2010; S. Nojiri and S. D. Odintsov, Unified cosmic history
in modified gravity: From F(R) theory to Lorentz non-invariant models, Phys. Rept. 505
(2011) 59
[8] B. Ratra and P. J. E. Peebles, Cosmological consequences of a rolling homogeneous scalar field,
Phys. Rev. D37, 3406 (1988); C. Wetterich, Cosmological consequences of a rolling
homogeneous scalar field, Nucl. Phys. B 302, 668 (1988).
[9] R. R. Caldwell, A Phantom Menace? Cosmological consequences of a dark energy component
with super-negative equation of state Phys.Lett. B 545, 23 (2002).
[10] M. Chevallier and D. Polarski, Accelerating Universes with Scaling Dark Matter,
Int.J.Mod.Phys. D10 (2001) 213; E.V. Linder, Exploring the Expansion History of the
Universe, Phys.Rev.Lett. 90 (2003) 091301.
[11] W. Zimdahl and D. Pavo´n, Scaling Cosmology, Gen. Rel. Grav. 35, 413 (2003);
[12] N. Dalal, K. Abazajian, E. Jenkins, and A.V. Manohar, Testing the Cosmic Coincidence
Problem and the Nature of Dark Energy, Phys. Rev. Lett. 86 (2011) 1939.
[13] D. R. Castro, H. Velten, W. Zimdahl, Scaling cosmology with variable dark-energy equation of
state, JCAP, 06 (2012) 024.
[14] L. Amendola, Coupled Quintessence , Phys. Rev. D62, 043511 (2000)
[15] V. Pettorino and C. Baccigalupi, Coupled and Extended Quintessence: theoretical differences
and structure formation, Phys. Rev. D77, 103003 (2008)
[16] C. Wetterich, An asymptotically vanishing time-dependent cosmological ”constant”, Astron.
Astrophys. 301 (1995) 321; L. Amendola, Scaling solutions in general nonminimal coupling
theories, Phys. Rev. D60 (1999) 043501.
[17] H. Velten and D. J. Schwarz, Dissipation of dark matter, Phys. Rev. D86 (2012) 0.83501.
– 19 –
[18] S. Calogero, A kinetic theory of diffusion in general relativity with cosmological scalar field J.
Cosm. Astrop. Phys. 11 (2011) 016.
[19] S. Calogero, Cosmological models with fluid matter undergoing velocity diffusion, J. Geom.
Phys. 62 (2012) 2208.
[20] K. A. Malik and D. Wands, Cosmological Perturbations, Physics Reports 475 (2009) 1.
[21] V. F. Mukhanov, H. A. Feldman, R. H. Brandenberger, Theory of cosmological perturbations,
Physics Reports 215, 203-333 (1992)
[22] R. Jimenez and A. Loeb, Constraining Cosmological Pa- rameters Based on Relative Galaxy
Ages, Astrophys. J. 573 (2002) 37.
[23] R. Jimenez, L. Verde, T. Treu, D. Stern, Constraints on the equation of sate of Dark Energy
and the Hubble Constant from Stellar Ages and the Cosmic Microwave Background, Astrophys.
J. 593 (2003) 622.
[24] Daniel Stern, Raul Jimenez, Licia Verde, Marc Kamionkowski and S. Adam Stanford, Cosmic
Chronometers: Constraining the Equation of State of Dark Energy. I: H(z) Measurements,
JCAP 008 (2010) 02.
[25] O. Farooq, D. Mania and B. Ratra, Hubble parameter measurement constraints on dark energy,
Astrop. J., 764 (2013) 138.
[26] M. Moresco et al., New constraints on cosmological parameters and neutrino properties using
the expansion rate of the Universe to z 1.75 , JCAP 07 (2012) 053.
[27] R. K. Sachs and A. M. Wolfe, Perturbations of a cosmological model and angular variations of
the microwave background, Astrophys. J. 147 (1967) 73.
[28] A. Lewis, A. Challinor, and A. Lasenby, Astrophys. J. 538 (200) 473.
[29] J.B. Dent, S. Dutta and T.J. Weiler, Phys. Rev. D79 (2009) 023502.
[30] B. R. Granett, M. C. Neyrinck, and I. Szapudi, An Imprint of Super-Structures on the
Microwave Background due to the Integrated Sachs-Wolfe Effect, Astrophys.J. 683 (2008) L99.
[31] S. Nadathur, S. Hotchkiss, and S. Sarkar, The integrated Sachs-Wolfe imprints of cosmic
superstructures: a problem for ΛCDM, JCAP 1206 (2012) 042; Samuel Flender, Shaun
Hotchkiss, Seshadri Nadathur, The stacked ISW signal of rare superstructures in ΛCDM,
JCAP 02 (2013) 013.
[32] J.M. Bardeen, J.R. Bond, N. Kaiser and A. S. Szalay, The statistics of peaks of Gaussian
random fields, Astrophys. J., 304 (1986) 15; J. Martin, A. Riazuelo and M. Sakellariadou,
Nonvacuum initial states for cosmological perturbations of quantum-mechanical origin, Physical
Review D61 (2000) 083518.
[33] S. Cole et al., The 2dF Galaxy Redshift Survey: power-spectrum analysis of the final data set
and cosmological implications, MNRAS, 362 (2005) 505.
– 20 –
